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Abstract. A local classification of all Poisson-Lie structures on an infinite- 
dimensional group Goo of formal power series is given. All Lie bialgebra structures 
on the Lie algebra of are also classified. 
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Let Goo be the group of formal power series in one variable {x(u) = YliZi x i u% I 
^ 0}, with a group multiplication x Goo — > G^ being the substitution: 

(1) [xy){u) := x(y{u)), or u^x(u), 

and with an identity e the identity map u i— > it. The group Goo is the group of 
formal diffeomrphisms of 1R 1 which leave the origin fixed. It is a projective limit 
Goo = limG n , where G n are the finite-dimensional Lie groups of n-jets of the 

line at the origin. The multiplication in G n is again defined by the substitution 
(1): (X n y n )(u) := X n (y n (u)) mod u n+1 , where X n {u) and y n (u) are polynomials 
in u of degree n. We define the space of smooth functions C 00 (G 00 ) to be the 
inductive limit C 00 (G 00 ) = lim G°°(G n ) of the spaces of smooth functions on the 

n 

finite-dimensional groups G n . 

Following [1] we consider a multiplicative Poisson (Poisson-Lie) structure on 
Goo to be the bilinear skew-symmetric map { , } : G°°(Goo) x C°°(Goo) — > C°°(Goo) 
defined by 

df dg 



(2) {f,9} = co 



lJ dxi dxj ' 



for any f,g e C oc (G' 0O ), such that the multiplication map Goo x Goo — ► is a 
Poisson map. Here G C oo (G f o)) for any G N, and a summation is assumed 
over repeated indices. The Poisson structure on Goo x Goo is taken to be the product 
Poisson structure. Note that the sum in (2) is finite since by definition / and g are 
functions of finite number of variables. Then the Jacobi identity for { , } implies 
that Wij's satisfy 

to \ du) k i duij dujk 

(3a) u) i j——+u) lk —— + u) l i—— = 0, 

for any j, k, I G N. The multiplicativity of the Poisson brackets (2) ({ , } being a 
1-cocycle) means that cu^-'s must satisfy the following infinite system of functional 



equations 



(3b) wy (xy) = u kl (x) ^ ^ + u kl (y) — — , j E N, 

where z = xy. Note again that the sums in the right hand side of (3b) are finite. 
This is immediately seen from the explicit formulae 

k 

z k = ^Xi Vh ■■■Via k>l, 

1=1 Ei=ii.)=* 

for the coordinates of z. From (3b) also follows that u^j(e) = 0. 

Do such structures exist on G^? It is by no means obvious that such structures 
exist. For example: 

(i) Let us consider the 3-dimensional factor group G3 = G^ (mod) u n , for n > 4. 
Then there exists a Poisson-Lie structure on G3 described by 

{x 1 ,x 2 } = x x x 2 
{x u x z } = - 2x x x 3 
{x 2 , x 3 } = 6— - 5x 2 x 3 , 

Xi 

where x\,x 2 ,xs are the coordinate functions on the group G3. However, this 
Poisson-Lie structure can not be extended to a Poisson-Lie structure on G^. 

(ii) We conjecture that there are no non-trivial Poisson-Lie structures on the group 
of diffeomorphisms of S 1 . 

Also a second question arises: If such structures exist, could they be classified? The 
answer to the first question is given by the following theorem. 



Theorem 1. For every natural number d EN, and every sequence = (// n )^Li 7 
such that [i n = for 1 < n < d and f^d+i 7^ 0, one has the following infinite- 



parameter family of Poisson-Lie structures on G^, 



(4) Uij (X) = ^ PXpqXqXi-p+lJ-q+l - 
p=l q = l 

i j _ 



iw/iere 

(5) A mn = 



V m,n> 1. 



ffere, A d+ i >n are ozven fry rational functions X d +i,n = Xd+i,n(fJ-d+i, ■ ■ ■ , Vd+n) for 
n > 1, which are computed by the following recursive formula 



(6) \d+l,n 



^ n—l 



(d-n + l)n d+1 



n+d— s+1 -^s,ci+l 



s=l 



where X\ } d+i = Md+i? awd £/iere exists the following single relation between the /i n 's 
( with n > d + 1 ) 

1 d 

(7) H2d+i = --, V2(d+1 - s)/i 2 d+2- s A M+ i, 



s=2 



which are otherwise subject to no other restrictions. (We implicitly assume that 
A mn = whenever m < 1 or n < l.j 

The classification is given by Corollary 2 below. 

Remark. The relation (7) follows from (6) when n = d + 1, and this is the only 
value of n for which the expression (d — n + l)Ad + i >n /id + i equals zero. 

The proof of Theorem 1 is rather technical [5,6]. We confine ourselves to 
give here the main ideas and tools used. Let V = {u, v, w, . . . } be a countable 



set and let C' 00 (G 00 )[[V]] be the ring of formal power series generated by V over 
C°°(G 00 ). Let X t , i E N, be the coordinate functions on G^. That is, X^x) = Xi 
for x E Goo. Introduce the formal series X(u) := YlTj=i-X-iU l ■ Then x(u) = 
X(u)(x) = J2Tj=i XiU * '■> an< ^ Ui J = {Xi, Xj}. Define the formal series Q(u, v; X) := 
YlTj=i Ui J u%v ^ • Thus Q(u,v;X) is a generating series for the brackets u>ij. After 
evaluation at x G G^ one has Q(u, v;x) = YlTj=i ^ij{x)u % vK The multiplicativity 
(3b) of the Poisson brackets on G^ is equivalent to Q(u, v; x) satisfying the following 
functional equation 

(8) Q(u, v; xy) = Q(y(u),y(y);x) + Q{u, v; y)x'(y(u))x'(y(v)). 

Here x' denotes the derivative of x with respect to its argument. The general 
solution of (8) is given by 

(9) Q(u, v; x) = <p(u, v)x'(u)x'(v) — ip(x(u),x(v)), 

where <p(u, v) is a formal series in u, v subject to the conditions: 

(i) <p(u, v) is divisible by u and v, 

(ii) <p(u,v) = -<p(v,u). 

The map {, }: C 00 (G 00 )xC°°(G 00 ) — > C°°(G 00 ) induces a map { , } : C 00 (G 00 )[[V]] x 
C°°(G'oo)[[V]] -> C 00 (G' 00 )[[V]]. In particular one has 

oo 

{X(u),X(v)} = {X l ,X J }u i v J = n(u,v;X). 

Then the Jacobi identities (3a) are equivalent to the single equation 

{X(w), {X(u),X(v)}} + {!(«), {X(v),X(w)}} + {X(v), {X(w),X(u)}} = 0, 

which, after a short calculation using the explicit formula (9), implies that (p(u,v) 
must satisfy the following functional partial differential equation 

(10) ip(u, v) [d u ip(w, u) + d v ip(w, v)] + c.p. = 0. 
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Thus the content of Theorem 1 is a description of all solutions of (10) satisfying (i) 
and (ii). The relation between (9) and (4) is (p(u, v) = YlTj=i ^ijU l vK The solution 
(4) completely describes the space of solutions of (10). An equivalent description 
can be given as follows. 

Theorem la. For each d G N, and any (formal series) fd(u), gd(u) such that 
f' d {u)g d {u)- f d {u)g' d {u) = -dfi d+1 f d (u), where ^ d+1 ^ is an arbitrary parameter, 
and f d has a zero of order d + 1 at u = 0, there is a solution of (10) given by 

fd(u)g d (v) - f d (v)g d (u) . 

The set of all solutions of (10) is described in this way. 

Corollary 1. A subclass of the above family is the following countable family of 
Poisson-Lie structures. For each d G N, choosing M d = (0, 1, 0, 0, . . . ), one has 

(11) ujij(x) = (i - d)jXjXi- d - i(j - d)xiXj- d + 

I "yj , ^ nn ry ft , ^ i-yi ry* 

' 1 / j s l ' " " ^ 8 d+l ^3 / j ^S! • • • -^Sd+l ) 

12tL\"k=j E£1»f< 
for every i,j > 1. (We adopt the convention that Xi = whenever i < 1). 

This family corresponds to the set of solutions (p(u,v) = uv(u d — v d ), d G N, 
of (10). 

Let ioo : — > be the inversion map defined by ioo(x) = x~ x for every 

X G Goo. 

Theorem 2. The map ioo : G^ — > G^ is an anti-Poisson map. 

In other words one has {/, g^(i 00 (x)) = — {/, g}(x), for every f,g G C°°(G 00 ) 

and x G G^. The proof uses only the explicit form (9) of the brackets on G^. Let 
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<Pd(u,v) = 



X(u) be the inverse of X(u). Then one has X(X(u)) = u, and X(X(u)) = u, as 
well as X'{X{u))X'{u) = 1, and X'{X{u))X'{u) = 1. On the other hand 

= {«,A»} 
= {*(*(«)), 

= {Xh,x( v )}| w=x(u) +rHu xw {i(«),i(«)}. 

Therefore, 

(12) {X(v),X(w)}\ w=x(u) =X'(w)\ 

w=X(u) 

{X(u),X(v)}. 

Also, one has the chain of identities 

= {v,X(w)}\ w=X (u) 
= {X(X(v)),X(w)}\ w=x(u) 
= {X(s),X(w)}\ s =X(v),w=X(u) + X'(s)\ s 

=X(v) 

{X(v),X(w)}\ 

w=X(u) ■ 

Using (9) and (12), one rewrites the last identity as 

= ip(X(v),X(u))X'(X(v))X'(X(u)) - <p(v,u) 

+ X'(X(v))X'(X(u)) Mu, v)X\u)X\v) - ip{X{u),X{v))] 
= {X(s),X(w)}\ s=X (v),w=x(u) +<p(u,v) - X'(w)X'(s)(p(w,s). 

Thus, 

(X(w),X(s)} = - [X'(w)X'(sMw,s) - <p(X(w),X(s))] , 
and this concludes the proof. 

Remark. In the beginning of the theory of Poisson-Lie groups, the property of 

the inversion map i : G — > G to be anti-Poisson was considered as an axiom [1,4]. 

However, for finite-dimensional groups this property can be deduced from the other 

axioms [5,6]. For infinite-dimensional groups such deduction is not likely. 
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To show that formula (4) provides all Poisson-Lie structures on G^, we now 
turn to the Lie algebra Goo of G^. Let {e n } n >o be a basis of Goo, and let a 
be a 1-cochain a: Goo — > Goo/\Goo, which we write in the above basis as «(e n ) = 
^2Tj=o a n e i A e h where a takes values in the completed tensor product Goc^Goo = 
i+j=nGi ®Gj ) , where each Gi is a one-dimensional subspace of Goo spanned 
by e^. The Lie algebra structure on Goo is given by 

[e n > e m ] = (n - m)e n+m V n, m > 0. 

Then the map a equips Goo with a Lie bialgebra structure [1] iff 

(i) r o a = —a 

(ii) cn([a, b]) = a.a(b) — b.a(a), a,bEGoo, 
(Hi) [1 <g> 1 <g> 1 + (r <g> 1)(1 <g> r) + (1 <g> r)(r <g> 1)](1 <g> a) o a = 0, 

where r is the transposition map r : Goo^Goo — ► <?oo®£/oo defined by r(a®6) = 6®a, 
for any a, 6 G {?oo, and the dot stands for the action of Goo on Goo^Goo induced by 
the adjoint action of Goo on itself. In the case when a is a 1-coboundary one 
has a(a) = a.r, where r G ^ooA^oo is a 0-cochain referred to as the classical r- 
matrix [1,3]. In the latter case, (iii) above is equivalent to a. < r,r >= 0, for 
any a G Goo- Here < r, r >:= [ r 12 ;r 13 ] + ^12 ^ r ,23j _|_ |^ r i3^ r 23j ^ anc | ^I2^ r i3j ._ 

YXj,k,l=o r lJ r kl [ei, e k ] A e,- A ej, etc., where r = £]°°= r ^ ei A e J- 

Theorem 3. T7ie /irst cohomology group ^{Goo.Goo^Goo) = 0. T7m£ zs, all 
1-cocycles a: Goo —> Goo^Goo are coboundaries. 

This can be proven by analyzing the infinite system of linear equations 

«([e n , e m ]) = e n .a(e m ) - e m .a(e n ), n, m > 0, 

using its symmetries, and inductive arguments. Then an analysis of the system of 

equations e n . < r,r >= 0, n > 0, shows that it is equivalent to < r, r >= (CYBE, 
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the classical Yang-Baxter equation). This turned out to be a specific property of 
the algebra Goo [5,6]. Thus, all Lie bialgebra structures on Goo are given by solutions 
of the classical Yang-Baxter equation. Moreover the following theorem holds. 

Theorem 4. There is a one-to-one correspondence between the coboundary Lie 
bialgebra structures on Goo and the Poisson-Lie structures (4) on Goo, the corre- 
spondence being given by r lJ = Aj+ij+i, for every i,j > 0. Thus, for each d G N 
we have the following infinite-parameter family of Lie bialgebra structures on Goo 
given by a(e n ) = X^=o a n e ; A e j> where 

a% = (2n - iy- n >i + (2n - j)r^~ n 

= (2n - i)\i- n+1 j +1 + (2n - j)X i+1 j- n+1 , Vn,i, j > 0, 

and X nm are subject to the same conditions as described in Theorem 1. 
Corollary 2. Thus, Theorem 1 describes all Poisson-Lie structures on the group 

Goo- 

The proof of Theorem 4 consists of showing that each Lie bialgebra structure on 
Goo can be integrated to a unique Poisson-Lie structure on the group Goo • To show 
this one has to show that the following infinite system of linear partial differential 
equations 

n 

y](i + l-j')at+i-j ™ n = UJm+l-j, n {x){m+ 1 - j) + u mtn+1 -j(x)(n + 1 - j)+ 

m n 

+ y]y] ajf f (m+ 1 - k)(n+ 1 - l)x m+1 - k x n +i-h 
k=i i=i 

where 1 < j < n, and m, n E N, has a unique solution. Here a l J are the coalgebra 

structure constants of Goo- The above system can be obtained by differentiating 

(3b) with respect to y and setting y = e, in which case a%> = ^f^-\ y - e - The 
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existence of a solution is furnished by Theorem 1 since any solution of (3b) is a 
solution of the above system. To show that it is unique one shows inductively that 
the corresponding homogeneous system 

n 

+ j)x i+ i-j d ™ n = u m+1 -j t n(x) (m + l-j)+ uj mjn+1 -j (x) (n+l-j) 
has only the trivial solution. 

A subfamily of Lie bialgebra structures that corresponds to the family of 
Poisson-Lie structures (11) is given by 

(13) a d (e n ) = 2ne d A e n - 2(n - d)e A e d+n , 

for each d e N. The entries of the r-matrix in this case are r lJ = 5} +1 5 d ^l — 
^j+i^j+i = K+ij+i- The family (13) of Lie bialgebra structures on Goo had been 
found and studied in [2,7]. Also, we describe below a 1-parameter family, a dt \, of 
Lie bialgebra structures, for each d > 1, of which the family (13) is a subfamily 
obtained after the specialization A = 0. Namely, 

oo oo 

a d , x (e n ) =2 ( 2n " *) y~ {n+d) (d - iy- {n+d) e A e % - 2n ^ A l " d (rf - l) l " d e, A e r 

i=d-\-n i=d 
oo d— 1 

+ 2 ^ ^{2n-i)\ l+3 - { - n+d \d-iy +J - {n+d+1) e, Ne 3 

i=d+n j=l 
oo d+n—1 

+ 2J2 (2n-j')A l+J " (n+d) (rf-l) l+J " (n+d+1) e l Ae d . 

i=d j=n+l 

Again, the right-hand-side of the above formula is an element of the completed 
tensor product Goo^Goo- This family corresponds to the following solution of (10): 

^ M = [l-(d-l)A M ][l-(d-l)A,] {"" (t,d " ^ + XdA ^- 1 -^ 
We conclude by noting that as a consequence of Theorem 4 the equation (10) is a 
functional realization of the classical Yang-Baxter equation for Goo- 



The complete proofs of the above results will be published elsewhere [5,6]. 
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